


Solutions

1. (a) lim
x→0

cos 7x− cos 3x

2x2

L′H
= lim

x→0

−7 sin 7x + 3 sin 3x

4x
L′H
= lim

x→0

−49 cos 7x + 9 cos 3x

4
= −10

(b) lim
x→0+

ln(1 + sin 3x)

tan−1(2x)
L′H
= lim

x→0+

3 cos 3x
1+sin 3x

2
1+4x2

=
3

2
therefore lim

x→0+
(1 + sin 3x)

1
tan−1(2x) = e

3
2

2. (a)

∫
x3 + 4x

x2 − 4
dx =

∫ (
x +

8x

(x− 2)(x + 2)

)
dx =

x2

2
+

∫ (
4

x− 2
+

4

x + 2

)
dx

=
x2

2
+ 4 (ln |x− 2|+ ln |x + 2|) + C

(b) Let u = sin x. Then

∫
sin

5
2 x cos3 x dx =

∫
u

5
2 (1− u2)du =

∫ (
u

5
2 − u

9
2

)
du

=
2

7
sin

7
2 x− 2

11
sin

11
2 x + C

(c) We use integration by parts twice with dv = 2x dx:

∫
x22x dx =

x22x

ln 2
− 2

ln 2

∫
x2x dx =

x22x

ln 2
− 2

ln 2

(
x2x

ln 2
− 1

ln 2

∫
2x dx

)

=
x22x

ln 2
− 2

ln 2

(
x2x

ln 2
− 2x

(ln 2)2

)
+ C

(d) I =

∫
x dx

(x2 − 4x + 8)
3
2

=

∫
x dx

((x− 2)2 + 4)
3
2

. Let x− 2 = 2 tan θ. Then

I =

∫
2 + 2 tan θ

8 sec3 θ
2 sec2 θ dθ =

∫
1 + tan θ

2 sec θ
dθ =

1

2

∫
(cos θ + sin θ) dθ

=
1

2
(sin θ − cos θ) + C =

1

2

(
x− 2√

x2 − 4x + 8
− 2√

x2 − 4x + 8

)
+ C =

x− 4

2
√

x2 − 4x + 8
+ C

(e) Let x = u6. Then

∫
x

1
2 − 1

x(x
1
6 + x

1
2 )

dx =

∫
u3 − 1

u6(u + u3)
6u5 du = 6

∫
u3 − 1

u2(1 + u2)
du

= 6

∫ (
− 1

u2
+

u + 1

1 + u2

)
du = 6

(
1

u
+

1

2
ln

(
1 + u2

)
+ tan−1 u

)
+ C

=
6
6
√

x
+ 3 ln

(
1 + 3

√
x
)

+ 6 tan−1 6
√

x + C

(f) I =

∫
tanh5 x sech x dx =

∫ (
1− sech2 x

)2
tanh x sech x dx. Let u = sech x. Then

I = −
∫ (

1− u2
)2

du = −
∫ (

1− 2u2 + u4
)
du = −sech x +

2

3
sech3 x− 1

5
sech5 x + C




